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Introduction 

Reserving methods “in practice” based on triangles 
■ Chain-ladder 

– Triangle of paid claims 
– Triangle of incurred claims 
– Triangle of reported claims 
– Triangle of incurred counts 

■ Münich chain-ladder 
– Triangle of paid claims + Triangle of incurred claims 

 
Goals 
■ Best estimate 
■ Mean square error of prediction 
■ VaR 99.5% 
■ Other characteristics 
■ Full distribution 

– Fitting of chosen distribution to first two moments 
– Bootstrap 
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Aggregation of data 

Triangles aggregate data 
 + Convenient presentation 
 – Loss of information which in some cases may lead to a poor performance 
Individual claims modeling 
 + No loss of information 
 – Usually complex models with lots of parameters 
 – Require large datasets (which might not be available) 
 – Might be computationally expensive 
 

Trade-off 
Having simple model   vs.  Using all information 



1st version of the 
proposed model 
 
„Key ideas“ 

Prediction of RBNS and IBNR claims using 
claim amounts and claim counts 
R. Verrall, J. P. Nielsen, A. H. Jessen 

April 2010 
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1st version of the model 
Basic ideas in comparison with chain-ladder 

Chain-ladder 
■ Based on one triangle (paid / incurred / reported) 
■ All sources of delay (reporting, payment) incorporated in one development pattern 
Proposed alternative 
■ Basic idea is to separate the sources of delay  using more than one triangle 

– Triangle of incurred counts  reporting delay 
– Triangle of claims paid  payment delay 

■ Using triangle of incurred claims as a further supplementary source of information considered in BDCL model 



6 © 2014 KPMG Česká republika, s.r.o., a Czech limited liability company and a member firm of the KPMG network of independent member firms affiliated with KPMG International 
Cooperative (“KPMG International“), a Swiss entity. All rights reserved. Printed in the Czech Republic. 

1st version of the model 
Basic ideas in comparison with chain-ladder (cont’d) 

Chain-ladder 
■ There was an algorithm without an underlying stochastic model 
■ Underlying stochastic models added later 

– Poisson model (CL is maximum-likelihood estimator) 
– Mack distribution-free model 
– … 

Proposed alternative 
■ First, there is an underlying exact compound Poisson model based on more detailed data 
■ Proposed model to be used in practice – double chain-ladder – is its approximation 



7 © 2014 KPMG Česká republika, s.r.o., a Czech limited liability company and a member firm of the KPMG network of independent member firms affiliated with KPMG International 
Cooperative (“KPMG International“), a Swiss entity. All rights reserved. Printed in the Czech Republic. 

1st version of the model 
Formal structure 

∆m = (Xij : 1 ≤ i+j ≤ m) traingle of claims paid 
ℵm = (Nij : 1 ≤ i+j ≤ m) traingle of incurred claims counts 
■ Claim is not usually paid immediately after notification. This motivates the introduction of the third triangle. 
Nijk

paid – part of the Nij claims fully paid with k periods delay after being reported, k = 0, …, d; d is max. delay 
Nij

paid – number of claims incurred in period i and (fully) paid with j periods delay (new triangle) 
Nij

paid = Nij0
paid + Ni,j-1,1

paid + Ni,j-2,2
paid + … + Ni,j-min(j,d),min(j,d)

paid 
Note, that this last triangle plays an important role in the derivation of the model but, nevertheless, it is not 

assumed to be known. 
Assumptions 
■ Nij independent, with over-dispersed Poisson distribution (ML estimate leads to classical CL algorithm) 
■ Given Nij, the distribution of the numbers of paid claims follows a multinomial distribution 

(Nij0
paid, …, Nijd

paid) ~ Multi(Nij; p0, …, pd) 
■ Claim settled with one payment. Thus, if we denote Yij(k) the payment for the k-th claim incurred in period i settled 

with j periods delay, we have 
Xij = Yij(1) + Yij(2) + … + Yij(Nij

paid) 
■ Yij(k) i.i.d., independent of number of claims, independent of reporting and payment delay (authors were aware that 

this is probably not valid in practice) 
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1st version of the model 
Derivation 

“Maximum-likelihood estimate“ 
Likelihood function 
 
 
 
 
 
 
 
 
 
Functions of different parameters – can be maximized separately 
■ The first one is maximized with CL algorithm on the triangle ℵm  of incurred claim counts 
■ Not obvious how to maximize the second (at least, we did not specify distributional assumptions about payments) 

– Proposed approximation of the model 
– Construct quasi-log likelihood which requires just the first two moments 
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1st version of the model 
Derivation (cont’d) 

Mean 
 
 
 
 
 
 
 
 
 
Variance 
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1st version of the model 
Derivation (cont’d) 

Since we assume that Yij(k) are i.i.d., we have 
E[Yij(k)] = µ, V[Yij(k)] = σ2 

Thus 
 
 
 
Using the assumption of conditional multinomial distribution of Nij

paid  
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1st version of the model 
Derivation (cont’d) 

Assuming that the numbers of claims paid from different origin years are uncorrelated 
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1st version of the model 
Derivation (cont’d) 

Hence 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Last approximation is done so that the variance is proportional to the mean 
 An over-dispersed Poisson model may be used. 
 
 
 



13 © 2014 KPMG Česká republika, s.r.o., a Czech limited liability company and a member firm of the KPMG network of independent member firms affiliated with KPMG International 
Cooperative (“KPMG International“), a Swiss entity. All rights reserved. Printed in the Czech Republic. 

1st version of the model 
Derivation (cont’d) 

This leads to the proposed algorithm 
■ Apply chain-ladder to the triangle of the incurred claims counts (needed for the IBNR claims only) 
■ Fit the over-dispersed Poisson model to the paid claims triangle with mean 

 
 
 

 from which ML estimates of ψk can be derived 
■ Compute estimates of µ and pk from formulas 

 
 
 

■ Estimate claims reserves – separately for reported and not yet reported claims 
 

 
Reported claims    IBNR claims 
 
■ Variance can also be estimated using the estimate of the over-dispersion parameter 
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1st version of the model 
Case study provided in the paper (MTPL) 

Triangle of counts 
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1st version of the model 
Case study provided in the paper (MTPL)  

Triangle of paid claims (adjusted to calendar inflation) 
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1st version of the model 
Remarks 

Case study in the paper 
■ Adjustment for zero-claim is applied: P(Yij

(k) = 0) = Q, where Q set by expert judgment. 
■ Results – only best estimate available (MSEP, full distribution estimates etc. not considered in the paper) 

– Difference in the total best estimate is not large.  
– However, in the following paper it was suggested that using more data should imply less volatility (thus lower 

solvency requirement corresponding to VaR 99.5%) 
 



2nd version of the 
proposed model 
 
Bootstrap 

Cash flow simulation for a model of 
outstanding liabilities based on claim amounts 
and claim numbers 
M. D. Martínez-Miranda, B. Nielsen,  
J. P. Nielsen, R. Verrall 

September 2010 
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1st version of the model 
Reminder 

This leads to the proposed algorithm 
■ Apply chain-ladder to the triangle of the incurred claims counts (needed for the IBNR claims only) 
■ Fit the over-dispersed Poisson model to the paid claims triangle with mean 

 
 
 

 from which ML estimates of ψk can be derived 
■ Compute estimates of µ and pk from formulas 

 
 
 

■ Estimate claims reserves – separately for reported and not yet reported claims 
 

 
Reported claims    IBNR claims 
 
■ Variance can also be estimated using the estimate of the over-dispersion parameter 
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2nd version of the model 
Proposed alteration from the 1st model 

Recall a key step in the first version of the model 
■ Parameters ψk estimated by fitting ODP model to the claims paid triangle with mean 

 
 
 

■ Fitting done by maximizing (pseudo log-)likelihood function (index I means known triangle) 
 
 
 

■ No closed form solution – must be done numerically. Technical difficulties may arise, for example: 
– Numerical procedure may give negative ψk 
– May be computationally intensive – potential drawback for bootstrapping 

 Suggestion: approximation allowing for estimate by an analytical formula 
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2nd version of the model 
Derivation of parameter estimates 

Approximation: replace known Nij by estimated counts from the chain-ladder algorithm.   
■ Naturally, this “requires” that these estimates are not far from observed counts 
■ Requires d = m – 1 (i.e. maximum delay corresponds to the dimension of the triangle) 
Recall that for chain-ladder development factors, we have 
 
 
 
We define the ratios 
 
 
 
 
Here, hats are used to denote values estimated by the chain-ladder algorithm. 
See, that the ratios do not depend on i, the accident period index.  
 
 
 

N̂
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2nd version of the model 
Derivation of parameter estimates (cont’d) 

We replace mij(N) in the (psuedo log-)likelihood function by 
 
 
 
where 
 
 
 
and we get 
 
 
 
Now, this function, with variables ζj, can be maximized analytically (taking partial derivatives equal to 0, etc.) 
The solution is 
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2nd version of the model 
Derivation of parameter estimates (cont’d) 

Since we have 
 
 
 
and we derived estimates for the left side, the estimates of ψk can be derived by solving the linear system 
 
 
 
 
 
 
 
Again, this can result in negative estimates of ψk. Authors suggested: 
■ If the sum of absolute values of negative ψk estimates is under 1% then replace them by zero (and adjust other 

factors proportionally) 
■ If the sum is larger then consider adjustment for zero claims 
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2nd version of the model 
Best estimate 

Best estimate of reserves – same formulas as in the first version of the model 
(parameters estimates are done differently) 

 
RBNS part 

 
 
 
 
 

IBNR part 
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Bootstrap 

Type of bootstrapping 
■ Non-parametric (residuals are resampled) 
■ Parametric 
 
Parametric bootstrapping chosen for this model 
■ More natural choice – the model is based on specified underlying distributions 

 
Error considered 
■ Only process error 
■ Both process and estimation errors 
 
Variance of payments needed for the bootstrap procedure 
■ Estimated through the over-dispersion parameter ϕ 

■ Parameter ϕ estimated as in GLM 
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2nd version of the model 
Derivation of parameter estimates (cont’d) 

The over-dispersion parameter is suggested to be estimated using Pearson goodness-of-fit statistic 
 
 
 
where 
 
 
and the degrees of freedom are 

 
 
where n is dimension of X 
 
 
and q number of estimated delay parameters 
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2nd version of the model 
Derivation of parameter estimates (cont’d) 

The estimator of the over-dispersion parameter can be naturally viewed as the estimator for 
 
 
 
where the variance is given by (recall the exact formula from the first model) 
 
 
 
Using formulas for the mean and the variance, we get 
 
 
 
which implies the estimate for the parameter σ 
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2nd version of the model 
Bootstrapping – notation and assumptions 

Triangles 
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2nd version of the model 
Parametric bootstrapping – underlying distributions (RBNS part) 

RBNS part of the reserve 
 
Incurred and reported counts: left-top triangle I 
■ Poisson distribution NΙ  
Aggregated claims Xij arising from (already) incurred claims (triangles I u J1 u J2) 
■ Distribution Xij(θ, N), where θ = (p, µ, σ2). 
■ It is constructed sequentially (let us remind the whole procedure) 

– Given incurred counts Nij, number of payments Nijk
paid are defined through the multinomial distribution 

(Nij0
paid, …, Nijd

paid) ~ Multi(Nij; p0, …, pd) 
– The paid counts Nij

paid are defined by 
Nij

paid = Nij0
paid + Ni,j-1,1

paid + Ni,j-2,2
paid + … + Ni,j-min(j,d),min(j,d)

paid 

– Individual claims distribution (severity distribution) may be chosen. We assumed only that Yij(k) are i.i.d., 
independent of number of claims, independent of reporting and payment delay and then we derived the estimates 
for the mean µ and the variance σ2. 
■ Natural choice is gamma distribution with the mean µ and the variance σ2, thus having density 

 
 

 with shape parameter λ = µ2 / σ2 and scale parameter κ = σ2 / µ. 
■ Given the count  Nij

paid, the aggregate claims Xij are gamma distributed with shape Nij
paidλ and scale κ. 
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2nd version of the model 
Parametric bootstrapping – underlying distributions (IBNR part) 

IBNR part of the reserve 
 
Incurred but not yet reported counts: right-bottom triangle J1 
■ Poisson distribution NJ1(ω) 
 
Aggregated claims Xij arising from incurred but not yet reported claims 
■ Distribution Xij(θ, NJ1) 
■ Constructed analogically to the previous “RBNS case” 
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2nd version of the model 
Bootstrapping – process variance + parameter estimation error 

Process variance (stochastic error) only 
■ Simulation of unknown parts of the triangles (bottom-right + tail) from estimated parameters 

 
Process variance and parameter estimation errors 
■ Estimated parameters used for simulation of new „left-top“ triangle(s) 
■ From these new triangles, „bootstrapped“ parameters are estimated 
■ From these „bootstrapped“ parameters, the unknown parts of triangles are simulated 
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2nd version of the model 
Bootstrapping – algorithm (RBNS part) 

Proposed algorithm for the bootstrapping procedure – RBNS part 
Estimate of process variance only – do only steps 1, 4 and 5 (using parameters estimated in the step 1). 
 
1. Parameters and distribution estimation 
■ Apply the procedure described for the best estimate to obtain estimates for p, µ, σ2, λ, κ 

2. Bootstrapping the data 
■ Keep the same counts N, but bootstrap the aggregate payments X* as follows 

– Simulate the delay (construct Nij
paid* from given Nij using the multinomial distribution estimated in the step 1) 

– Simulate the aggregate payments using gamma distribution with shape parameter Nij
paid*λ and scale parameter κ 

3. Bootstrapping the parameters 
■ From the bootstrap data (N, X*) generated at step 2 obtain new estimates for p*, µ*, σ2*, λ*, κ* 
4. Bootstrapping the RBNS prediction 
■ Simulate the delay as in the step 2 
■ Simulate the aggregate payments as in the step 2 
■ Get the bootstrapped RBNS prediction 
5. Monte Carlo approximation 
■ Repeat steps 2-4 B times and get the empirical bootstrap distribution of the RBNS part of the reserve 
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2nd version of the model 
Bootstrapping – algorithm schema (RBNS part) 
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2nd version of the model 
Bootstrapping – algorithm (IBNR part) 

Proposed algorithm for the bootstrapping procedure – IBNR part 
1. Parameters and distribution estimation 
■ Apply the procedure described for the best estimate to obtain estimates for p, µ, σ2, λ, κ and use the chain-ladder to 

estimate future incurred claims counts (ω). 
2. Bootstrapping the data 
■ Get new counts N* and aggregate payments X* as follows 

– Simulate new counts N* (in the upper-left triangle) using Poisson distribution (with parameters estimated by the 
chain-ladder method in the step 1) 

– Using N*, simulate X* as in the second step of the RBNS procedure 

3. Bootstrapping the parameters 
■ From the bootstrap data (N*, X*) generated at step 2 obtain new estimates for p*, µ*, σ2*, λ*, κ* and use the chain-

ladder to get bootstrapped future incurred claims counts. 
4. Bootstrapping the RBNS prediction 
■ Simulate the delay for Nij* using p*, i.e. construct Nij

paid*, IBNR analogously to the step 2 of the “RBNS” procedure 
■ Simulate the aggregate payments as in the step 2 and get the bootstrapped IBNR prediction (an. “RBNS” procedure) 
5. Monte Carlo approximation 
■ Repeat steps 2-4 B times and get the empirical bootstrap distribution of the IBNR part of the reserve 
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2nd version of the model 
Bootstrapping – algorithm schema (IBNR part) 
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1st version of the model 
Case study – reminder 

Case study in the paper 
■ Adjustment for zero-claim is applied: P(Yij

(k) = 0) = Q, where Q set by expert judgment. 
■ Results – only best estimate available (MSEP, full distribution estimates etc. not considered in the paper) 

– Difference in the total best estimate is not large.  
– However, in the following paper it was suggested that using more data should imply less volatility (thus lower 

solvency requirement corresponding to VaR 99.5%) 
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2nd version of the model 
Case study on the same data – best estimate 
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2nd version of the model 
Case study on the same data – bootstrap 

■ England and Verrall (1999) bootstrap used for the chain-ladder 
– Resampling Pearson residuals to obtain estimation error 
– Analytic adjustment for process error 
 

■ See the difference between the mean in the table below and derived best estimates 
– Too low number of simulations? 

 
 
 
 
 
 
 
 
 

pe = MSEP = mean square error of prediction 



3rd version of the 
proposed model  
 
Double chain-ladder 

Double chain-ladder 
M.D.Martínez-Miranda, J. P. Nielsen, R. Verrall 

Astin 2011, Conference paper 
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Double chain-ladder 
Differences 

Main differences 
■ Inflation parameter: 1st and 2nd version did not allow for severity inflation 
■ Parameter estimation in the 3rd version uses only classical chain-ladder procedures applied twice on both considered 

triangles  thus it is called double chain-ladder 
■ 3rd version, double chain-ladder, can replicate the classical chain-ladder best-estimate 

– Thus the model can be viewed as another stochastic model for the classical chain-ladder method 
■ However, double chain-ladder provides not only a replica of the classical chain-ladder results but also three different 

sets of best estimates 
 
Shared features with the 1st and 2nd version 
■ Cash-flow 
■ Split between “RBNS” and “IBNR” part 
■ Estimate of tail 
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1st version of the model 
Reminder: formal structure and assumptions 

∆m = (Xij : 1 ≤ i+j ≤ m) traingle of claims paid 
ℵm = (Nij : 1 ≤ i+j ≤ m) traingle of incurred claims 
■ Claim is not usually paid immediately after notification. This motivates the introduction of the third triangle. 
Nijk

paid – part of the Nij claims fully paid with k periods delay after being reported, k = 0, …, d; d is max. delay 
Nij

paid – number of claims incurred in period i and (fully) paid with j periods delay 
Nij

paid = Nij0
paid + Ni,j-1,1

paid + Ni,j-2,2
paid + … + Ni,j-min(j,d),min(j,d)

paid 
 
Assumptions 
■ Nij independent, with over-dispersed Poisson distribution (ML estimate leads to classical CL algorithm) 
■ Given Nij, the distribution of the numbers of paid claims follows a multinomial distribution 

(Nij0
paid, …, Nijd

paid) ~ Multi(Nij; p0, …, pd) 
■ Claim settled with one payment (or as a zero claim). Thus, if we denote Yij(k) the payment for the k-th claim incurred 

in period i settled with j periods delay, we have 
Xij = Yij(1) + Yij(2) + … + Yij(Nij

paid) 
■ Yij(k) i.i.d., independent of number of claims, independent of reporting and payment delay 
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Double chain-ladder 
Formal structure and assumptions (comparison with the 1st version) 

∆m = (Xij : 1 ≤ i+j ≤ m) traingle of claims paid 
ℵm = (Nij : 1 ≤ i+j ≤ m) traingle of incurred claims 
■ Claim is not usually paid immediately after notification. This motivates the introduction of the third triangle. 
Nijk

paid – part of the Nij claims fully paid with k periods delay after being reported, k = 0, …, d; d is max. delay 
Nij

paid – number of claims incurred in period i and (fully) paid with j periods delay 
Nij

paid = Nij0
paid + Ni,j-1,1

paid + Ni,j-2,2
paid + … + Ni,j-min(j,d),min(j,d)

paid 
 
Assumptions 
■ Nij independent, with Poisson distribution (ML estimate leads to classical CL algorithm) 
■ Given Nij, the distribution of the numbers of paid claims follows a multinomial distribution 

(Nij0
paid, …, Nijd

paid) ~ Multi(Nij; p0, …, pd) 
■ Claim settled with one payment (or as a zero claim). Thus, if we denote Yij(k) the payment for the k-th claim incurred 

in period i settled with j periods delay, we have 
Xij = Yij(1) + Yij(2) + … + Yij(Nij

paid) 
■ Yij(k) are mutually independent with distributions fi. Further, for the mean µi and the variance σi

2, we assume that  
µi = µγi and σi

2 = σ2γi 
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Double chain-ladder 
Derivation 

The derivation proceeds in a way very similar to the 1st version of the model. 
For the conditional mean and variance, we have 
 
 
 
 
 
 
 
 
 
 
Thus, an over-dispersed Poisson model can again be used… 
■ Construct (psuedo log-)likelihood function 
■ Maximization gives ML estimate of parameters, over-dispersion can be then estimated using Pearson g.o.f. statistic 
…but, as in the 2nd version of the model, an alternative analytical approach is suggested 
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Double chain-ladder 
Derivation (cont’d) 

Again, put 
d = m – 1 

We substitute the probabilities pi which have a natural constraint 
p1 + p2 + … + pd = 1 

with parameters πi without this constraint. That is, we have a conditional mean 
 
 
 
From the classical chain-ladder method (with classical Mack identification), we obtain parameters, so that 
 
 
Thus, for the unconditional mean, we have 
 
 
 
However, we can estimate E[Xij] by the chain-ladder method again applied on the triangle of paid claims. 
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Double chain-ladder 
Derivation (cont’d) 

Using CL method on the triangle of paid claims, we get parameters, so that it is satisfied 
 
 
A direct comparison with the previous formula 
 
 
 
leads to a natural identification 
 
 
 
 
 
Using this identification of parameters: 
1. will replicate the chain-ladder results in the framework of DCL method (if tail is ignored); 
2. provides a natural way to estimate parameters necessary for DCL analytically. 
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Double chain-ladder 
Derivation (cont’d) 

The second identification formula 
 
 
 
allows to estimate πl since βj and βj

~ are estimated by the chain-ladder algorithm applied on the triangles of 
incurred counts and paid claims respectively.  
For the estimate of πl , one needs to solve a linear system 
 
 
 
 
 
 
 



46 © 2014 KPMG Česká republika, s.r.o., a Czech limited liability company and a member firm of the KPMG network of independent member firms affiliated with KPMG International 
Cooperative (“KPMG International“), a Swiss entity. All rights reserved. Printed in the Czech Republic. 

Double chain-ladder 
Derivation (cont’d) 

From the estimate of πl , one can estimate pl by several ways, authors suggested a very simple method 
■ Maximal delay d is estimated by summing the number of succesive estimates of πl until a number greater or equal to 

one is achieved. Then d is equal to the count of summands and it is put 
 
 
 
 
 

■ In practice, there should be (!) little difference between πl and pl . 
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Double chain-ladder 
Derivation (cont’d) 

Other parameters can be estimated using the first identification formula 
 
 
by 
 
 
 
The model is technically overparametrised, but it is natural to put γ1 = 1 and estimate 
 
 
 
This gives us the Double-chain ladder predictor 
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Double chain-ladder 
Derivation (cont’d) 

Finally, we can estimate the over-dispersion parameter using 
 
 
 
Where 
 
and 
 
 
The variance factors are then estimated by 
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Double chain-ladder 
Best estimate – summary 

The DCL method offers four basic options for the best estimate of provisions for claims outstanding 
1. Using πl parameters and actual incurred counts (in the left-top triangle where it is possible) 

 
 
 
 
 
 

2. Using πl parameters and CL predictions in the whole square. This option replicates the CL results applied on 
the triangle of claims paid. 
 
 
 
 
 
 

3. and 4. Replacing πl set of parameters by the pl set. 
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Double chain-ladder 
Tail and bootstrap 

Note that the tail can also be estimated using 
 
 
 
Again, πl set of parameters can be replaced by the pl set. 
 
Bootstrap procedure can be applied without any significant change compared to the 2nd model. 
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Double chain-ladder 
Case study (same data) – best estimate 
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Double chain-ladder 
Case study (same data) – bootstrap 
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