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Prologue for
Bootstrap

- computationally intensive method popularized in
[980s due to the introduction of computers in
statistical practice

- a strona mathematical Backaround ~ BOOtstrap
does Nnot replace or add to the oriainal data

- unfortunately, the Nname "Bootstrap”’ conveys the
impression of "somethina for nothing” ~ idly
resamplina £rom their samples



R.eserving Issue

consider traditional actuarial approach to reserving
risk ... the uncertainty in the ocutcomes over the
lifetime of the liagilities
BOOtstrap can Be also applied under Solvency I

. outstanding liagilities after | year
distrirution-free methods (ea., chain ladder) only
provide a standard deviation of the
utimates/reserves (or claims development
result/run-of$ result)
anoOther risk measure (ea., VaR @ 99.5%)
moreover, distrirutions of ultimate cost of claivs
and the associated cash flows (not just a standard
deviation)?
claims reserving techniQue
applied mechanically and without judaementt




Bootstrap

- simple (distrirution-independent) resamplina
method

- estimate properties (distrirution) of an estimator
By samplina $rom an approximating (e.a., empirical)
distrieution

- useful when the theoretical distripution of
3 statistic of interest is complicated or unkNnown




R.esamplina with
replacementt

- random sampling with replacement from the
original dataset ~» for b=1,..., B resample $rom
Xi,..., X, with replacement and ogtain Xy,,... . X},




Bootstrap example

- input data (d4& of catastrophic claims per year in IOy
history): 35,34, 13,33, 27, 30, 19,31, 10, 33 ~
mean = 26.5, sd = 9.168182

Case sampling

» BOOtstrap sample | (Ist draw with replacement):
30,27, 35, 35,13, 35, 33, 34, 35,33 ~
meani = 31.0, sd} = 6.847546

» BOOtstrap sample OO0 (IOOOth draw with
replacement): 19,19, 31,19, 33,34, 31,34,34,10 ~
meaniogy = 26.4, sdjggp = 8.771165

- meany, ..., meaniyy, Provide Bootstrap empirical
distrieution for mean and sdj, ..., sdjyy, Provide
BOOtstrap empirical distrieution for sd (REALLY?




Terminology

- X j ... daim amountts in developwent year j with
accident year i

- X;; stands for the incremental claims in accident
year i made In accounting year i + j

- n ... current year — corresponds to the most
recent accident year and development period
- Our data history consists of
richt-ancled isosceles trianales X ;, where
i=1,....nand j=1,....n+1—1




R.un-off (incrementtal)
trianGle

Accident Development year j
year 1 1 2 e n—1 n
1 X11 Xi2 S Xin-1 Xip
2 Xo1 Xopo - g0 Xon1
Xin+i—i
=t Xn-11 Xp-12
n Xn,l




Notation

- C;j ... cumulative paywents in oriain year i after j
developmentt periods

J
Oy = Z 26
k=1

- Cij; ... 8 random variagle of which we have an
orservation i$i+j<n+1

- Aim is to estimate the uttimate claims amount C; ,
and the outstanding claims reserve

IR = Ci,n o Cz‘,n—o—l—z‘, 1= 2y oo0gil)

By completing the trisngle iInto a sqQuare



R.un-off (cumulative)

trianale

Accident Development year j
year 1 1 2 e n—1 n
1 Cia Cip2 Cin-1 Cipn
2 Ca,1 Cs,2 Con—1
(e ol
(o — Il Co—i1 CnoiB
n (Ol




Theory rehind the
ROOtstrap

- validity of Bootstrap procedure
- asymptotically distrirutionally coincide

ﬁ?—ﬁl {X,-yj:i—l—jﬁn—i-l} and Ei—Ri

- approaching (each other) in distrirution
in proa.ility alona DM = IESRERE <n 1)

)

D
oo

D™ & R, — R; in prosagility, n — oo

» V reasl-valued rounded continuous function f

E [f (ﬁz —fzi) D;")} = [f (ﬁi—R?;)] g

n—r oo



R_esiduals

- measure the discrepancy of fit in a8 model

- can Be used to explore the adequacy of fit of
8 Mmodel

- May also indicate the presence of anomalous values
requiring further investigation

- In regression type prorlems, it is common to
BOOtstrap the residuals, rather than Bootstrap the
data themselves

- should mimic 7id rv. having zeroc mean, common
variance, symmetric distrigution



R_.aw residuals

R0 = Xij = Xij OF (ryrij = Cij—Cij

- in homoscedastic linear rearession, CL with a =0,
GLM with normal distrisution and identity link



Pearson residuals

Xij — Xij

V(Xi;)

(P)Ti,j =

- in GIM or GEE
- idea is to standardize raw residuals
- ODP:

(P)ig =

- Gamma GLM:



ANnscomre residuals |

A(Xi ;) — A(Xi )
A(X )V (Xig)

(AT =

- in GLM or GEE

- disadvantace of Pearson residuals: often markedly
skewed

- ides Is to o’tain residuals, which are not skewed
(to "normalize” residuals)



AnNscompre residuals i

du
AL = / V1/3 ()

- ODP: .
75y g 1y S

oMUY /6

iJ

- Gamma GLM:

VSIS
(A)Tij = 3280 i

E -1/3

X7'7§

- inverse Gaussian:

A IOg Xi,j ot log 5(:1'7]'
(A5 = 51/2
Xi,j




Deviance residuals

()i = sign(Xi; — Xij)V/di
where d; is the deviance for one unit,ie, > d; =D
- in GLM or GEE

- similar advantageous properties like Anscomee
residuals (see Taylor expansion)

- ODP:

(D)7 = Sign(Xi,j—Xi,j)\/Q (Xzyj log(Xi5/Xi) — Xuj + Xm‘)



Scaled residuals

- scaling parameter ¢

- t0o ortain the BOOtstrap prediction error, it is
necessary to add an estimate of the process
variance ...Bias correction in the BOOtstrap
estimation variance

- Pearson scaled residuals in ODP for the
BOOtstrap prediction error:

—1/2
() s ( Lt (P)Tig
)

(P)Tid = (PTd X\ Q1) 2 — (20 + 1



Adjusted residuals

- alternative to scaled residuals ...Rias correction in
the BOOtstrap estimation variance

n—»o
n

adj
@By 5 = rig



Diaanostics for
residuals

- residuals and squared residuals
- type OFf plots:
» accident years

» accounting years
» development years

- NO pattern visikle

- iid with zero mean, syymmetrically distriruted,
COMMON variance



Bootstrap procedure |

- Ex: rootstrap in ODP
(N fit 3 model ~ estimates a;, Bjﬁ, ngS

(D -Prt'te.d (expected) values for trianale
X” =exp{7y + a; + BJ}
(3) scaled Pearson residuals



Bootstrap procedure |l

() resample residuals {E;C))r”} B—times with
replacement ~ B trianales of rootstrapped

residuals {Eff?)) i } ,1<b<B

() construct B rootstrap trianales

G
®Xij = (py)T 86X, ; + X

() perform ODP on each Bootstrap trianale ~
BOOtstrapped estimates (,)a;, ﬁj, )Ys () (b



Bootstrap procedure lll

(D calculate rOOtstrap reserves

wR = > X5 = exp{ )T+ p)ai} > exp{(»B;}
Jj=n+2—1 j=n+2—i
» (H—(D is 8 roOtstrap loop (repeated B—times)

(8) empirical distrisution of size B for the reserves ~
empirical (estimated) mean, se., Quantiles, ...



Taylor and Ashe (1983)
data

- iIncremental trisanale
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Development of claims



CL with Mack’s se.
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Chain ladder diagnostics
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Bootstrap results



Mack CL vs roOtstrap
GLM (ODP)

Accident Chain Ladder Bootstrap
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Comparison of
distrirutional properties

why t0 BOOtstrap 7

moment characteristics (mean, se., ...) does not
provide full information aeout the reserves’
distrirution

additional assumption required in the classical
approach
99.5% @uarttile necessary for Valk.

> assuming Normally distriruted reserves
.. 24 98+ IS4

> assuming loa-normally distriruted reserves
... 25915 OSSO

» BoOOtstrap ... 28 201 ST




Conclusions

- mean and variance do Nnot contain full information
arout the distrieution ~~ cannot provide
Quantities like VaR.

- assumption of log-Normally distrisuted claims <

loa—Normally distrieuted reserves (far more
restrictive)

- various types Of residuals

- BOOtstrap (simulated) distrirution
Mmimics the unknown distrisution of reserves
(a8 mathematical proof necessary)

- R software provides a free sufficient actuarial
environment for reserving




References

B Encland,P. D. and Verrall, R. J. (1999)
Analytic and Bootstrap estimates of prediction
errors in caims reservina.
INnsurance: Mathematics and Economics, 2.5.

B Encland,P. D. and Verrall, R.. J. (2006)
Predictive distrisutions of outstanding claims in
aeneral iInsurance.

Annals of Actuarial Science, | (2.

B Pesta, M. (201
Total least squares and BOOtstrappina with
application In caligration.
Statisties: A Journal of Theoretical and Applied
Statisties.



Thank you !

pesta@karlinmef.cuni.cz



