Asymptotic Consistency and
Inconsistency of the Chain
Ladder

(O bandlnom aktudrskom probléme, ktory ignorujeme, a jeho nebandinom, ale trividinom riesent)

Michal Pesta

(joint work with Sdrka Hudecovd)

Charles University in Prague

Faculty of Mathematics and Physics

Actuarial Seminar, Prague

5 October 2012



Overview

- Claims reserving in non-life insurance

- Chain ladder model

- Open proelem: consistency of the development
factors

- Simulations and real data example
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Non-life insurance

- Operates on the lines of rusiness (LoB):

» motor/ear insurance (motor third party liagility,
motor hulh)

» property insurance (private and commercial

insurance against fire, water, flooding, Business

interruption, ...)

liaBility insurance

accidentt insurance

health insurance

marine insurance (including transportation)

other (aviation, travel insurance, lecal protection,

credit insurance, epidemic insurance, ...)

vV Yy vy VvVYy

- Life insurance products are rather different, ea.,
terms Of contracts, type of claims, risk drivers
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Settlement of a claivm

- Reporting delay (Retween occurrence and
reporting) — can take several years (liarility
INsurance: askestos Or environmental pollution
alaims)

- After reing reported to the insurer — several
years may elapse efore the aaim is finally settled
(fast in property insurance, liagility or Bodily injury
claims: long time Before the total circumstances
are clear and known)

- Reopening — (unexpected) new developments, or i£
3 relapse occurs



R_eserving

- Claims reserves represent the money which should
e held By the insurer so as tO Be aRle tO meet all
future claims arisina £rom policies currently in
force and policies written in the past

- Most non-life insurance contracts are written
for a period of one year

- Only one paywment of premium at the start of the
contract in exchanae £oOr coverace over the year

- Reserves are calculated By
forecasting future losses from past losses




Terminology

- X j ... daim amountts in developwent year j with
accident year i

- X;; stands for the incremental claims in accident
year i made In accounting year i + j

- n ... current year — corresponds to the most
recent accident year and development period
- Our data history consists of
richt-ancled isosceles trianales X ;, where
i=1,....nand j=1,....n+1—1




Notation

- Cij ... cumulative paywents in oriain year i after j
development periods

j
Cig =) Xij
k=1

- C;j ... 8 random variagle of which we have an
oBservation £ i+j<n-+1

- Aim is to estimate the ultimate claims amount C; ,
and the outstanding claims reserve

R, =Cin—Ciny1-5, 1=2,...,n



R.un-of$ trianale

Accident Development year j
year 1 1 2 e n—1 n
1 C11 Ci2 Cin1 Ciy
2 Co,1 Ca2 Con-1
Cin+1—i
n—1 Cn-11 Ch1p
n Cni




R_easoOnarle E stimate
for R.eserves

- nonsense estimate, ea, R; = 10 or R; = —1
> why Bad? the most precise estimate (in terms of
variagility) VarR; =0

- unBiased estimate, ie, ER; = ER;, or conditionally
ungiased
» Pirstly, introduce a model with assumptions, then
construct an estimate
» have you ever heard of a reservinag model with
ungiased estivates of reserves?

- consistent estimate (Rut where's n )

=~ (stochastically)
By e DS

n—oo



Chain ladder

Mack (1993)
Ul E[CHFEEE S Eeae o = e
(2] Var[C; j+1|Cia, ..., Cij] = O'chi’j
(31 Accident years [Ci1,...,C;,] 8re independent
vectors



Development factors f;

J?J(n) : Z?:;lijCiJJrl’ 1<
>i=i Cij
™ =1 (assumina no +ail

j<n-1



Properties

- UHimate claims amounts C; , are estimated By
@',n = Cint1—4 X ﬁ(ﬂ)yi K EFOs fr(;i)l
- Under the assumptions [, (3], and
(4] Z?;lj Ci_’j >0
f;”) are ungiased and mutually uncorrelated

- Assgmp‘tiOr\ [2] is essential for the standard error
of Ci,n




LANnRiasedness

- ungiasedness of development factors =
unkiasedness of reserves’ estimate !

- aiven data D; = {Ci,k : k<j,ieN}or {Ci71, ot .,Cm‘},
where j=n+1—1

E[Ri|Dn+1-i] = E[Cijn — Cijny1—i| Dnt1—4]

= RE D, S

= E[ENCT R [Cr sl C RPN, | = C: -t 1—i

= E[fn_1C; o= D7 B e =

— frel - - Jnt2—iE i e S P | — C; 1,y 1

= Ui nt1—i (fn+1—i X 600 X fn_1 — 1), a.s.



(LANRiasedness

- R = ai,n —Cint1—i = Cint1—i (ﬁ?l_i X e X ﬁ@l — 1)
E [§i|Dn+1—z} = Cint1—i (E [ﬁ(ﬂ_i X e X f/.\r(zi)l|Dn+1—i} - 1)
L P e

- how much is unriasedness important? and can we
always achieve it? do we need to?



(INconsistency

- disadvantace:
» asywvptotic property (data history subficiently lona)

>

only 8 Qualitative property

- advantages:

>
>

easier to verify (7
characterize the accuracy (and, hence,
meaningfulness) of an estimate

» can Be Quantified (ea., rate of consistency)
» is retained Ry algerraic operations



Open prorlem

- From some point of view, consistency is more

important than ungiasedness
- Ea, fn’jr)l_i X oo X fffi)l or Bornhuetter—Ferguson
Mmethod uses

o=
S(n
5" =11 =
5= fk;
- The ungiasedness of fjn) does not “transfer” to
Ej(”) in any sense
- Ex: Y7,...,Y, iid with finite EY
= Tl(Y17"'7}/TL) :Yi Vs T2<Y17~--7}/n) = %Z?:lyl"i‘%



Stochastie
Converaence

- deterministic: one converaence (O£ real numrers)

(stochastically)
= Tatvd

X, X

n—oo

almost sure
P [w €Q: lim Xp(w) = X(w)] ]

n—oo

iN proragility
Ve>0: lim P[| X, —X|>¢]=0
n—oo

-Lp7p21
lim E|X, — X[? =0
n—00
a.s P Lp P D
eSS T . ——— = ; =20 e




Conditional
converaence

P¢]=a.s.
& [ d_} X, [P]-a.s. means

e e = =1 =1

P
En —2 x, [P]-a.s. means

n—0o0
Ve >0 P[lim Pe, {16 — x| zg}:o} =1
n—ro0
Ly (P
& =Ca), X, [P]-a.s. (p > 1) means
n—oo

P [ lim Ec, & — x|P = 0} ]

n—o0



Conditioning

- Conditional converaence in progagility and in L,
alona some sequence Of random variaeles {(,}5°;
can ke defined, Because the concept oOf these two
types of convercence comes $rom a topoloay

- Despite of that, the almost sure converaence does
NOt correspond tO a converaence with respect to
any topoloay and, henee, it is NnoOt metrizarle

- Thereafter, the conditional converaence
almost surely cannot Be defined alona a seQuence
of random variaeles, But only aiven one random
variarle (



Consistency

Denote D\ = {Cip: k<j,i<n—j+1} and

Dj ={C;: k <j,ie N} Then (D=(iv) are equivalent:
()

n) [Pp;l7as.
f“} ) n]_)oo fi»  [Plra.s;
G
o8
n J
fj m f]7 [P] a.S.;
(i)
LQ(PD@))
f}n) ———— f;, [Plra.s;
n—o0
(iv) :
n—j
ZCM —— G, [P]—a.s.
n—roo



R.emark. |

Due to the independence of the different accident
years (assumption [3D), the statements (i) and (i) can
Be eQuivalently replaced Ry

J ns
and A%
n) L2(Pp
AJ( ) n—)cxj o Pl

respectively.



Remark i

- Unconditional consistency in case of the Lo
converaence

_ 7n)
£

— f; in Ly (unconditionally) as n — oo i##

—0, n—o0

Zi:l Ci,j

- This condition is ogviously more complicated than
the condition (iv), and it is practically unverifiagle

- Thus, the conditional converaence is Nnot only
more natural one in this case, rut even more
convenientt one



R.ate Of converaence

- Consistency of an estimator is a very important
But only Qualitative proper-ty

- Measure consistency — Quantitative way

- Denote the conditional mean sauare error of the
estimate of development factor f; as

MSE (f{7):=E { 7™ - E (J?JW))r ‘D§”)} :

Then, with proeagility one holds
-1
) = COk

MSE (fj(”)) —0 (

n—j

> Cij

o=l




On the rate of
converaence

- Complete characterization of the conditional
converaence Of development factors’ estimate

- The slower (faster) diveraence of
oo
>_Cij
=1

implies the slower (faster) realization of
consistency of the development factors’ estimates



On the necessary and
subfbicient condition

Let 7 € N re fixed. Then the followina conditions are
eQuivalent.

[ The condition (iv) holds.
2.

>_EC,
=1l

3. The condition (iv) holds for jo € N, j # jo.



Practical aspects

- Either f}”) Is consistent for f; for all j € N, or
none of them is consistent

- The consistency of f;”) is equivalent to the
condition Y " | C; 1 — oo, [P]-a.s. 8s n — 00

- Denote S;, = Zle Cia, k=1,...,n the cuvulative
suwis Of the cumulative claivis C; 1 IN the
first development year

- For instance, the ratios Cjy1,1/Ck1 Or the
sequence {/C}; can ge studied

- Artificial data set Taylor and Ashe (1983)



R_eal data example



Inconsistency

- What kinds of Business rehavior corresponds to
the violation of consistency?

- For instance, condition (iv) can Be violated if one
oBserves a decreasing trend (decreasing fast
enouch) iN payvments across the accident years

- So to spesak, the corresponding line of Business is
worsening mayge due to Nnew insurance companies
entering the market or chanaing (decreasing)
prices of such insurance product

- Furthermore, splitting one existing line of
BUsiness iNto several others can also cause
inconsistency in the estimation of development
factors



Simulations

- C;1 was generated such that C;1 €Ly and C;; > 0

- fjwas setto f;=j/(j+1)

- Cia,...C; n were generated successively such that
C;,; satisfies [l and (2]

- Hence, for each j, C; ; is drawn from a distrirution
with mean f;_1C; ;1 and variance 07C; ;1 fOr some
02 € (0,00)

- Since the accident years are assumed to Be
independent (assumption [3]), the rows of the data
sets were aenerated separately, using the same
approach

- C;1 were drawn $rom the exponential distrigution,
and the C;; was generated from the
Poisson distrirution with the parameter f;_1C; 1
forj=2,....N




Decreasina BUusiness

- consider a fast decreasing BRusiness, ie., the
situation where condition () does not hold

- (1 was generated from the exponential
distrirution with the mean i—2 x 106

- f](") do not converae to the true value f;

- Their values are close to f; in this setting, But the
estimates are indeed NoOt consistent

- The same simulations were run also for C;; with
the uniform distrirution: the differences retween

values of estimates fj(") and the true values f; are
more noticeaile



Example |



Slowly decreasing
BUSINessS

- situation where EC;; decreases with increasing 1,
But iN 3 slow manner such that condition (N holds

- EC;1 =i~ /2 x 105 in the exponential distrigution

- clear converaence pattern can Be ORserved,

confirming that the estimates fj") are consistent
IN this case



Example |l



Growing rUsINess

- EC; 1 Increases with increasing 14

- The parameters of the exponential distrigution
were set such that EC; 1 = Vi x 10°

- The figure orviously confirms that the estimates
are consistent

- Moreover, f;n) convereaes to the true values f;
mMmuch faster than in previous case



Example Il



One Mear Prospective

- in the classical claimvs reserving, one usually studies
the total uncertainty in the claims developmentt
unttil the total utimate caim is finally settled

- Solvency Il purposes

- run-off = opening Ralance — expenses — closinG
Ralance

- we predict the total utimate caim at tivme n (with
the availakle information up to time n), and one
period later at time n + 1 we predict the same total
utimate claim with the updated information
availagle at time n + 1

- difference retween these two successive
predictions is the daims development resukt (CDR.)
for accounting year (n,n + 1]




CDR.

- a direct impact on the P&L statement and on the
financial strenath of the insurance company
- CDR. for accident year ¢ and accounting year
(n,n + 1]
CDR;(n + 1) = E[C; ,| D™] — E[C; | D™ ]
— E[R™|D™)] — (X; nsa—i + E[RPT1D"1])
where
D(n) = {Ci,j 3 Z+] Sn—i—l}
Dl ={C;;: i+ji<n+2&i<n+1}
=DMy {C@n_;,_g_i 1< n+ 1}
R™ = Cim — Ciny1—i

T
n+1 __
R =Cipn — Cinya—i



Merz-\Wuthrich

- implied Chain Ladder assumptions (time series):
(I

Cij = fi-1Cij-1+ 0j-1v/ Cijj-1€i,
where ¢; ; are iid with Eg; j =0 and Varg; ; =1

(21 Accident years [C;1,...,C;,] are independent
vectors



R_.easonarle results?

- using the martinaale property
E[CDR;(n+1)|D™] =0

- prediction uncertainty in the Budaet value 0 for
the orservarle caims development result at the
end of the accounting period

MSE = E[(CDRi(n + 1) — 0)2|D™]

CDR;(n+1)|D(™) (0)

- in the solvency marain, we need to hold risk capital
for possiele neaative deviations of CDR;(n+ 1)
$rom 0

7 are the "results" By MW reasonaele (ea.,

consistent estimate of M SEspr, (nt )| D (0N7?



Conclusions

- conditional consistency and inconsistency of the
development factors’ estimate in the
distrirution-free chain ladder is investiaated

- necessary and subficient condition is derived

- weak, strona consistenay, and consistency in the
Mean sQuUare are euivalent

- converaence rate is provided

- practical recommendations, how to check this
necessary and sufficient condition, are discussed

- real data example and Nnumerical simulations to
illustrate the performance of the estimates

- possikle violation of the condition with the
conseq@uences is demonstrated
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